A coupled, transversely isotropic, deformation and damage fatigue model has been implemented within the finite element method and utilized, along with a static progressive damage model, to predict the fatigue life, stiffness degradation as a function of number of cycles, and post-fatigue tension and compression response of notched, multidirectional laminates. The material parameters for the fatigue model were obtained utilizing ply-level classical lamination theory simulations and the provided [0], [90] and [AE45] experimental composite laminate S-N data. Within the fatigue damage model, the transverse and shear stiffness properties of the plies were degraded with an isotropic scalar damage variable. The stiffness damage in the longitudinal (fiber) ply direction was suppressed, and instead the strength of the fiber was degraded as a function of fatigue cycles. A maximum strain criterion was used to capture the failure in each element, and once this criterion was satisfied, the longitudinal stiffness of the element was eliminated. The resulting, degraded properties were then used to calculate the new stress state. This procedure was repeated until final failure of the composite laminate was achieved or a specified number of cycles was reached. For post-fatigue tension and compression behavior, four internal state variables were used to control the damage and failure. The predictive capability of the abovementioned approach was assessed by performing blind predictions of notched multidirectional IM7/977-3 composite laminate response under fatigue and post-fatigue tensile and compressive loading, followed by a recalibration phase. Tabulated data along with detailed results (i.e. stress-strain curves as well as damage evolution states at given number of cycles compared to experimental data) for all laminates are presented.
Introduction
Blind static, fatigue, and post-fatigue failure predictions were carried out for three different notched and unnotched (static only) multidirectional laminates ). This study was conducted under the support of the Air Force Research Laboratory (AFRL) Tech Scout Project and was aimed at the evaluation of existing progressive damage prediction methods. Herein, the macromechanics-coupled transversely isotropic deformation and damage fatigue model known as ADEAL [1] [2] [3] [4] [5] (Anisotropic Damage Evolution and Life) employs a scalar damage variable, which evolves with the number of cycles. One advantage of this fatigue model is the ability to integrate the model into a cyclic jumping scheme. 5 For the present work, a single loading cycle (block) is applied, the controlling element is identified, and then the number of additional cycles required to damage the material within this element by an additional amount equal to the specified damage increment is calculated. For the present study, the ADEAL model is modified, such that the isotropic scalar damage variable is only used to degrade the transverse and shear properties of each ply while the longitudinal stiffness degradation is assumed to be minimal and only the strength of the fiber is degraded as a function of fatigue cycles. A simple logarithmic degradation function is employed for the critical strain allowable in the longitudinal direction. Once this critical strain is reached, the longitudinal (E 11 ) stiffness of the element was decreased by a factor of 10 4 , essentially eliminating the longitudinal stiffness. The stress-strain histories are updated using the new damage state within a given element, and the process is repeated until complete failure of the composite, or a specified number of cycles, is reached.
The Enhanced Schapery Theory (EST), 6 used for post-fatigue tension and compression behavior, utilizes four internal state variables (ISVs) to control the damage and failure. All damage is assumed to result from matrix microdamage, controlled by a single ISV, which degrades the transverse and shear moduli of the lamina. Three separate failure ISVs are used to incorporate failure due to fiber breakage, mode I matrix cracking, and mode II matrix cracking. 6 Further details on the ADEAL model and EST can be found in literatures. [1] [2] [3] [4] [5] [6] This work demonstrates the application of the above-mentioned methodologies (ADEAL and EST) to model fatigue and post-fatigue response of notched multidirectional IM7/977-3 composite layups. Note that EST was used for the post-fatigue analysis due to its relative success in the static phase of this project. The constitutive models used in the blind predictions were characterized and/or calibrated from experimental unnotched coupon data analysis (i.e., [0] , [90] , and [AE45] laminates). After submission of blind predictions, the models were recalibrated to better correlate to the validation experiments. Tabulated results and stress-strain curves for all predictions of three multidirectional layups, along with the recalibrations, are presented herein, and a comparison with damage patterns of experimental X-ray images is provided.
Constitutive models Anisotropic damage evolution and life
The fatigue damage model implemented within an Abaqus UMAT is a transversely isotropic extension of the NonLinear Cumulative Damage Rule (NLCDR) developed at ONERA (Office Nationale d'Etudes et de Recherches Aerospatiales) for isotropic materials. The development of this model was presented by Arnold and Kruch 1 and further verified successfully in literatures [2] [3] [4] [5] utilizing metal matrix composites. A scalar damage variable, D, evolves with number of cycles (see Figure 1) , and for a given damage level, the stiffness of a subcell is degraded by (1 À D), where D ¼ 0 corresponds to a pristine subcell and as D approaches 1, the subcell approaches a failed state. As with static failure, the actual subcell stiffness reduction is capped at a factor of 0.0001 (D ¼ 0.9999).
The evolution of damage is governed by where N is the number of cycles at the current stress state s ij , D k and D kÀ1 are the amount of damage after the current and previous damage increments, respectively, is a material parameter, and is a function of the current stress state
whereâ is a material parameter, and h i are Macauley brackets. fl and u are the uniaxial fatigue limit and ultimate strength material properties, respectively, and È fl and È u are the fatigue limit and static fracture surfaces, respectively
The operator max t indicates that the maximum value of the expression to the right up to time t of the current load cycle should be taken. The normalized stress amplitude is defined aŝ
When È u h i ¼ 0, static fracture (complete local failure) is indicated, thus cannot be defined. È fl ¼ 0 indicates that the current stress state is below the fatigue limit and is set to1. This then represents a special case when integrating equation (1) that will be considered separately. The t 0 and t terms in equations. (3) to (5) are the time at the beginning of the current load cycle and the current time during the current load cycle, respectively.
The general form for the terms F fl ð Þ , F u ð Þ , and F M ð Þ can be expressed as
where
Here I 1 , I 2 , and I 3 are invariants with physical meaning, that is, I 1 is the transverse shear stress, I 2 the longitudinal shear stress which dictates interfacial damage, and I 3 the maximum normal stress in the fiber direction. The current deviatoric stress components are S ij ¼ ij À 1 3 mm ij , and d i are the components of the vector defining the preferred direction in a transversely isotropic material. ! ð Þ and ð Þ represent the ratios of longitudinal to transverse normal and shear stresses, respectively, for a transversely isotropic material and are equal to 1 for an isotropic material. Note that, in calculating F M ð Þ with equation (6), the value of M, a material constant, is required. The L subscript in equation (6) indicates the longitudinal direction in a transversely isotropic material.
For the case in which the current local stress state, s ij is above the initial fatigue limit, and the number of cycles, N, required to damage a subcell from a level of D kÀ1 to D k is obtained by integrating equation (1) and is given by
When the local stress level is below the fatigue limit ¼ 1, integration of equation (1) yields
Equations (8) and (9) can also be solved for D k in order to determine the current amount of damage developed for a given number of cycles and previous state of damage D kÀ1 . Further, to determine the remaining cycles to failure for a given previous state of damage, D k can be set equal to one in equations (8) and (9) .
The implementation of this fatigue model within Abaqus enables cycle jumping (i.e. not explicitly modeling every fatigue cycle for reasons of computational efficiency) and stress redistribution by using a specified damage increment. A single loading cycle (block), specified in the Abaqus input, is applied to the FEA model. The stress-strain history in each element and section point of every ply is stored, and then the ADEAL model calculates the number of additional cycles required to damage each point by an additional amount equal to the specified damage increment using equations (8) and (9) . The controlling point throughout all plies and all elements within the model is found as that with the smallest required number of additional cycles. This number of cycles is then applied to the entire model, and the new damage level at each point is calculated. Then, another single loading cycle is applied to the model, and a new stress-strain history for each point is determined. These point-wise stressstrain histories will, in general, be different than the histories obtained from the previously applied loading cycle due to the presence of additional damage and the associated stress redistribution. This process is repeated, and the total number of cycles on the model is summed, until complete failure of the model is predicted.
In the present case, wherein polymer matrix composites are the focus, the above transversely isotropic model is modified so that no longitudinal stiffness degradation takes place unless fiber failure occurs. In other words, only the strength of the fiber is degraded as a function of fatigue cycles and not its stiffness. Fiber strength degradation as a function of cycles is assumed to be a result of flaw initiation at the fiber surface due to rubbing/wear of the fiber-matrix interface. A logarithmic degradation function was used for the critical strain allowable for the fiber in the longitudinal direction, i.e.
Once this critical strain is reached, the longitudinal (E 11 ) stiffness of the element is decreased by a factor of 10 4 , essentially eliminating its effect.
Enhanced Schapery theory
To simulate progressive damage in the static loading of the open-hole specimens, after they have been fatigued for a prescribed number or cycles, the thermodynamically based EST was utilized. 6 Here an abridged derivation of EST is given; the reader is referred to Pineda and Waas 6 for the complete details. There is a work potential associated with all the damage or failure mechanisms involved in the progressive failure of composite materials. With EST, the dominant damage and failure mechanisms (and associated dissipated potentials) considered are matrix microdamage (S), mode I matrix cracking (S I m ), mode II matrix cracking (S II m ), and fiber breakage (S f ). The first and second laws of thermodynamics, along with the principle of stationary potential energy, are invoked to arrive at a set of evolution equations that can be solved simultaneously for the dissipated potentials used to drive the damage and failure mechanisms in the composite under a given applied mechanical strain.
where W is the elastic strain energy density, defined using plane stress assumption for thin plates.
Equations (11) to (14) represent the inadmissibility of healing condition, in that the energy potential dissipated through damage and failure cannot decrease. Matrix microdamage (S) is considered as a ''damage'' mechanism which manifests as a hardening nonlinearity in the stress-strain response of the composite via degradation of the secant moduli of the composite. The other three mechanisms (S I m , S II m , and S f ) are considered as ''failure'' mechanisms, which lead to strain softening in the stress-strain behavior of the composite. It is assumed that an initiation criterion is required to mark the onset of failure, and the effects of failure supersede damage and damage ceases to evolve upon failure initiation.
Prior to failure initiation, the elastic strain energy is a function of the matrix microdamage internal state variable (S), and equation (11) where e 2 , and 12 are the applied transverse strain and engineering shear strain, E 22 0 and G 12 0 i are the initial, undamaged transverse and shear stiffness values, and e s and g s are the so-called matrix microdamage functions, obtained from simple coupon experiments, which relate the degraded moduli to the undamaged moduli and the microdamage ISV S. In this work, failure initiation (or activation of the failure dissipation potentials) is dictated using a Hashin-Rotem criterion. However, any initiation criterion could be used.
where Y T , Y C , Z, X T , and X C are critical failure strain allowables. If equation (20) or (21) is satisfied, the mode I and mode II failure potentials are activated in tension or compression, respectively. Similarly, if equations (22) and (23) are satisfied, then the fiber failure (tension or compression, respectively) failure potential is activated. Once initiated, matrix or fiber failure is governed by a traction-separation law, similar to the cohesive zone method or the crack band theory. The area under the traction-separation law is the critical strain energy release rate (SERR) and can be considered a material parameter. Utilizing the critical SERR as a governing material parameter, through the introduction of a characteristic element length, eliminates the pathological mesh dependence that typically results when localization due to strain softening occurs. Solving equations (16) and (17), once equation (20) or (21) is satisfied, and/or equation (18), once equation (22) or (23) is satisfied, and incorporating the appropriate, triangular traction-separation laws and critical SERRs result in three equations that can be used to calculate the Young's and shear moduli of the composite.
where X and Y are the critical strain allowables in either tension, or compression as appropriate, Z is the critical shear strain allowable, E 22 * and G 12 * are the damaged (due to evolution of S) Young's and shear moduli upon satisfaction of equation (20) 8 and used to calibrate the material parameters for the ADEAL model. The micromechanics capabilities of MAC/GMC were not used herein because (i) the input coupon level data lacked the fidelity required to implement a theory at the fiber/ matrix scale, and (ii) efficiency was critical as the analyses were on a tight turn-around schedule as part of the AFRL Tech Scout Project. The effective transversely isotropic, linear elastic, deformation properties and the EST macroscopic progressive damage model parameters utilized are those obtained during the prior static prediction phase of the study 8 (table insert in Figure 2 ). The resulting ADEAL material parameters obtained are also given in the table insert in Figure 2 , along with the corresponding characterization results (solid lines) and experimental data (symbols).
Characterization and calibration

Results and discussion
Blind predictions
The simulation strategy for the notched specimens entailed modelling the multidirectional layups, with 5137 2D shell elements (S4R), with each element being 1 mm Fatigue response of these composite laminates, along with post-fatigue tensile and compressive behavior, was first predicted and then recalibrated using the above-mentioned ADEAL and EST models. Figure 3 shows the FEA mesh utilized for all layups. Traction boundary conditions were applied at one end of the specimen, whereas the other end was fixed in the loading direction. Note that, although delamination may be present, it was not accounted for during the current fatigue study. Future studies will incorporate cycle-based fatigue delamination, see Naghipour et al. 9, 10 The transverse (E 22 ) and shear (G 12 ) properties of the plies were degraded, according to the ADEAL fatigue model, at the end of each load block. As mentioned earlier, due to reported minimal stiffness degradation prior to failure in the fiber direction, the stiffness damage in the longitudinal ply direction was supressed (i.e. E 11 not degraded with cycles) and only the strength of the fiber was degraded as a function of fatigue cycles according to equation (10) . The model parameters in this assumed degradation function are a ¼ À0.0092 and b ¼ 0.063 (for the blind predictions). The longitudinal strain in each element was compared to the current longitudinal failure strain (equation (10)). If this criterion was met or exceeded, the E 11 stiffness of the element was decreased by a factor of 10 4 . The resulting, degraded properties were then used to calculate the new stress state during the next increment of cycles, applied within a single load block. This procedure was repeated until final failure of the composite laminate was achieved or a specified number of cycles reached. Subsequent to the fatigue analysis, the final damaged state at a prescribed number of cycles was used as an initial state for residual tension and compression postfatigue progressive failure simulations. EST was used to predict the post-fatigue strengths after the specified number of cycles (300 K for layup 1, 200 K for layup 2 and 3, respectively) was applied in the fatigue analysis using the degraded stiffness values and the critical strain calculated by equation (10) in equation (22). Subsequent to submittal of the blind predictions, it was found that the method used to extract the global strains from the FEA model had a significant impact on the initial (zeroth cycle) and subsequent reported cycle stiffnesses. As shown in Figure 3 , the displacement of only a single node (on either side of the hole -indicated by blue circles) was used to calculate strains in the originally reported static results. 8 However, a more realistic method to mimic the extensometer strain (as done in previous static deformation results 8 ) is to use the average of the nodal displacements along the extensometer plane (indicated by the red X's) in the global strain calculation. This averaging process is necessary for consistency with previously reported strain results and enables the correct (measured) initial stiffness to be recovered. Capturing the initial the predicted error in the residual stiffness, strength, and strain -after a specified number of cycles -are given in Table 1 . Figures 4(a) and 6(a) demonstrate no notable stiffness degradation for Layup 1 and Layup 3 up to 300 k and 200 k cycles, respectively. However, a significant stiffness reduction as compared to experimental results (see black line) is observed for Layup 2 within 200 k cycles due to the assumed longitudinal strain evolution law, causing a major post-fatigue strength reduction for this layup under both tension and compression. This over prediction of stiffness degradation is addressed in detail in the Recalibrations section.
Experimentally measured post-fatigue strengths for Layups 1 and 3 are very close to their pristine static counterparts (5-6% difference) as expected, since no significant stiffness degradation was observed within the applied cycles. However, comparing experimentally measured post-fatigue and static strengths, for Layup 2, reveals an inconsistency, in that the reported post-fatigue tensile strength is 24% higher than the measured pristine static strength (Post-fatigue strength: 675 MPa, static strength: 543 MPa). Although potentially achievable with a micromechanics-based model, such an increase in post-fatigue strength is highly unlikely to be captured by a macromechanics-based model, as utilized herein. Therefore, this inconsistency should be taken into consideration when assessing the predictive capability of the present fatigue model. Then, in reality the error in the prediction of post-fatigue strength in Layup 2 (i.e. 64.89-24 ¼ 41% error) is similar to Layups 1 and 3.
Note that one main advantage of this presented macromechanics-based approach is its extremely efficient computational time. The combined fatigue and post-fatigue analysis times for all three layups were less than 2 h, which can be considered as an 
Recalibrations
The same FEA model specifics used in the prediction phase were also employed in the recalibrations.
Meanwhile, no change to any deformation or fatigue parameters was made, except for the assumed evolution of longitudinal strain (i.e. the fiber strain) to failure as a function of cycles (see equation (10)). It was surmised that since (i) graphite fiber strength and (ii) the cyclic longitudinal interfacial wear, which gives rise to further strength reduction of the fiber, are highly volume sensitive, the effective longitudinal failure stress associated with a [0] laminate as a function of cycles should similarly be influenced by the volume of material within a given finite element. The same assumption can be made for strain since the deformation behavior of the fiber/composite is assumed linear elastic. That is, the relative damage length scale associated with a given analysis as compared with that length scale used for characterization must be accounted for. Consequently, the longitudinal UTS associated with the [0] unidirectional laminate fatigue response was scaled by the well-known Weibull volume fraction equation where A 1 is the original area assumed for characterization (i.e. the entire gage area of the specimen, which is equal to 25 mm by 12.5 mm) and A 2 is the area associated with the size of the finite element used in the notched laminate analysis (i.e. 1 mm 2 ).. Note that in the static failure simulations (see Naghipour et al. 12 ) a Weibull parameter of 13. 5 was shown to fit the actual fiber strength data quite well. Therefore, a slightly lower, i.e. larger variation in strength values, Weibull parameter of m ¼ 10 was assumed for the case of fatigue. Figure 7 illustrates both the original unnotched [0] laminate S-N curve given (and used) for characterization (see purple curve) and the scaled (black) [0] laminate S-N curve using Weibull volume fraction equation (10) . Note the fatigue limit of the [0] laminate remained unaltered since it was assumed that this lower limit (associated primarily with matrix damage of the polymer) would not be influenced greatly by the volume of material being analyzed. Given this scaled S-N curve, equation (10) was then adjusted, such that a ¼ À0.0025 and b ¼ 0.034. Note that the effective [0] modulus E 11 ¼ 164.3 GPa and longitudinal strain " c 11 were used to obtain the corresponding S-N curve from equation (10) . Now, given this new evolution of the critical strain to failure as a function of cycles in the longitudinal direction, all the fatigue analyses were performed again. The recalibration error in the residual stiffness and strength after subsequent cycles for all three layups is summarized in Table 2 . Detailed results (effective laminate stiffness as a function of cycles in the loading direction and residual stress-strain response (i.e. strength)) are also shown in Figures 8 to 10 .
Obviously, the results produced by modifying the critical strain to failure in the fiber direction (one direction) are significantly better than those obtained during the blind prediction. The errors are reduced by almost a factor of two (see the errors given in Table 1 (blind) and those given in Table 2 (after recalibration). Large errors should be expected since no experimental data were provided during the characterization portion of the study to ascertain the appropriate (length-scale dependent) cyclic-dependent longitudinal strain to failure, e.g. Figures 11 to 13 show damage contour plots of the individual plies under fatigue loading compared to individual X-rays provided by AFRL obtained at different load cycles (blue represents no damage and green represents composite damage, associated herein with matrix failure). As can be expected, the propagation of damage in the 90 ply is much more evident than the other plies. Although the crack direction might not be fully aligned with the one observed in the X-rays, the approximate propagation direction is captured in almost all the plies. This is also expected as the ADEAL fatigue model is unable to reproduce the discrete nature of the damage (cracking). The reader is cautioned from making any definitive judgment on the predictive capability of the model through comparison of these damage contour plots with the X-ray images, as there are numerous unknown factors involved in the interpretation of these images. According to AFRL, it is the nature of CT images to ''bleed'' across plies. Once a significant amount of damage forms, the dye penetrant used fills the voids and ''glows'' in a CT image. So, for example, in a 90 ply, there is some damage associated with the 90 ply plus some region of the interface and the adjacent plies. Thus, these experimental results do not truly represent the damage in the individual plies.
Conclusion
The transversely isotropic ADEAL fatigue damage model implemented within an Abaqus UMAT subroutine along with the EST progressive damage model was successfully utilized to simulate the fatigue and post-fatigue response of three open-hole tensile and compressive coupon specimens. In the initial blind predictions, the evolution of stiffness degradation as a function of cycles was overestimated for all three layups, with Layup 2 failing in less than 500,000 cycles. This was primarily due to assumed coefficients in the logarithmic equation for critical longitudinal strain, which was corrected in the recalibration phase. In the recalibration stage, the Weibull volume fraction equation was used to scale the longitudinal UTS associated with the unidirectional laminate to account for the volume change within a given finite element and the tested coupon specimen. The stiffness degradation and post fatigue strength were significantly improved for all layups with approximately 90% increase in post fatigue strength for Layup 2. The ply-level evolution of fatigue damage at specified numbers of applied load cycles shows a consistent growth pattern where plies with higher off-axis angles exhibit a faster damage growth.
It should be mentioned that the input data provided for characterization was inadequate compared to the level of fidelity of the predictions requested. That is, providing simple unnotched characterization tests in which only cross head measurements are provided to glean cycle by cycle degradation of stiffness and then asking for prediction of more accurate, gage-specific, extensometer measurements of notched laminates is unrealistic. Since global coupon data offer no insight into what is occurring locally in the presence of a stress riser. Further, since the models have now been recalibrated based on the provided notched data for three given multidirectional layups, further blind predictions for other multidirectional layups should actually provide a better assessment of the predictive capability of the different numerical models. Finally, further work that captures the mechanisms of failure in fatigue is needed in order to improve both the EST and transversely isotropic continuum-based fatigue model presented herein.
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